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Our topic is the Li-C* algebra generated by the finite-dimensional CCR. We 
exhibit its structure as that of a dynamical system with an invariant 
antiautomorphism, having the symplectic group as structure group and the com- 
pact operators as underlying C* algebra; the antiautomorphism picks out the 
metaplectic group in the full group Mpc of unitary operators implementing the 
group action. We identify finite-rank operators in this system quite explicitly, using 
the Bargmann-Segal representation of the CCR. 0 1988 Academic Press, Inc. 
INTRODUCTION 
Under the name of L’-C* algebra, the Fourier-Weyl algebra was 
introduced by Kastler; as a symplectic analogue of the Clifford algebra, it 
was studied further by Plymen. In its current form, its structure seems 
somewhat elusive; here we capture some of this structure, partly by a 
change of viewpoint. 
The Fourier-Weyl algebra is associated to an irreducible unitary 
representation W of the Heisenberg group N on a Hilbert space I-U; more 
explicitly, it is the C* algebra ~4 generated by the Fourier-Weyl transforms 
of L’ functions on N taken relative to W. As a C* algebra, d comprises 
precisely the compact operators on 04; by construction, S# is naturally a 
dynamical system with an invariant antiautomorphism, having the 
symplectic group Sp as structure group. The unitary operators on W 
implementing the group action on d constitute a central circle extension of 
Sp denoted Mp”; the canonical antiautomorphism of SZI picks out the 
metaplectic group A4p as a subgroup of Mp’. It is clear from our account 
that the Fourier-We);1 algebra has structure quite analogous to that of the 
Clifford algebra: for the orthogonal group, the Clifford.algebra is naturally 
a dynamical system with an invariant antiautomorphism. This analogy is 
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pressed further in [5], where Mp” structures and Spin” structures are 
treated on the same terms as equivalence bimodules for bundles of 
elementary C* algebras. 
There are many different concrete realizations of the representation W. 
The Schrodinger model takes for W the equivalence classes of functions on 
real Euclidean space square-integrable relative to Lebesgue measure. 
Though W itself is readily written down, certain associated structures are 
rather less accessible in this setting; in particular, the Fourier-Weyl algebra 
is awkward to handle. The Bargmann-Segal model takes for W the 
holomorphic functions on a complex Hilbert space square-integrable 
relative- to a Gaussian measure. This model renders transparent he struc- 
tures surrounding W; in particular, it facilitates a relatively simple descrip- 
tion of the Fourier-Weyl algebra. In addition to elucidating the structure 
of the Fourier-Weyl algebra, we hope that this paper serves to popularize 
the Bargmann-Segal model. A detailed account of h4p” and the metaplectic 
representation in terms of the Bargmann-Segal model appears in [6]. 
1. THE FOURIER-WEYL ALGEBRA 
Let V be a 2m-dimensional real symplectic vector space with Sz as its 
nonsingular alternating bilinear form. Sp = Sp( V) will denote the 
symplectic group, consisting of all linear automorphisms g of V satisfying 
the condition 
x, YE ~=>Q(kv, gy)=f-w, Y). 
N = N(V) will denote the Heisenberg group, with underlying space V x Iw 
and multiplication given by 
(x,s)(y,I)=(x+y,s+t-4Q(x, Y)) 
forx,yEVands,tER. 
For h = 27~3 a positive real number, we fix an irreducible unitary 
representation W of N on a complex Hilbert space W with the property 
that 
t~[Wa W(0, t)=exp 
( > 
-$t I. 
The classical theorem of Stone and von Neumann guarantees that such a 
W exists and is unique up to unitary equivalence. Relative to W, the 
Fourier-Weyl transform of the L’ function 8 on N is defined by the 
formula 
W’(0) = {0(n) W(n) dn. 
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This defines a representation W’ of the involutive Banach algebra L’(N) 
on D-U. Though W’ is automatically continuous, the selfadjoint subalgebra 
im( W’) is not closed in the C’ algebra B(W) of all bounded linear 
operators on W. 
The Fourier-Weyl algebra d is defined as the closure of im( W’) in 
B(W). Being a nilpotent simply-connected Lie group, N is traceable [3]; 
consequently, im( W’) is contained in the C* algebra K(W) of all compact 
operators on W. In. fact, im( W’) is dense in K(W); we present an explicit 
proof of this in the following section. Thus, as a C* algebra d coincides 
with K(W); however, d is naturally provided with additional structure. 
The symplectic group acts naturally as automorphisms of the Heisenberg 
group according to the rule 
g.(u, t)=(gu, t) 
for gE Sp and (u, t) E N, this action preserves Haar measure on N. The 
prescription 
kmd=~W4, 
for g E Sp, 0 E L’(N), and n E N, then defines a representation of Sp in the 
automorphism group of L’(N). In turn, this passes across to an action of 
Sp on the Fourier-Weyl algebra d as the closure of im( W’); we denote 
this action by 
Spxd+d: (g,a)w,a. 
In this way, the Fourier-Weyl algebra is naturally a dynamical system for 
the symplectic group. 
The involutive Banach algebra L’(N) comes equipped with a canonical 
antiautomorphism tl defined by 
a(e)(n) = e(n-1) 
for 0 E L’(N) and n E N. Via W’ and continuity, this induces a canonical 
antiautomorphism of the Fourier-Weyl algebra which we shall also denote 
by tl. Observe that if gE Sp and aed then 
4zg4 = Tga(u), 
since inversion and the action of Sp commute on N. Thus the 
Fourier-Weyl algebra is naturally a dynamical system with an invariant 
antiautomorphism. 
According to Stone and von Neumann, W is unique up to unitary 
equivalence. If g E Sp then the rule 
neN=s Wg(n)= W(g.n) 
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defines an irreducible unitary representation Wg of N on W with the same 
central character as W, consequently, there is a unitary operator U on W, 
unique up to scalar multiples, such that 
rlEN=a W(g.n)= UW(n)lr’. 
We denote by Mp” = A.@“( V) the group of all unitary operators U on W 
such that this relation holds for some g E Sp and write a(U) = g. It follows 
that we have a central short exact sequence 
For a detailed account of Mp’ and its representation on W see [6]. 
Let UE Mp” with o(U)= g. If MEL’ then 
UW’(0) U-’ = Us O(n) W(n) dn U-’ 
= e(n) UW(n) U-’ dn 
s 
= 
s 
O(n) W(g.n)dn 
= O(g-‘.n) W(n)dn 
I 
= 
I 
(g.@(n) W(n)dn 
= W’(g4), 
since the action of Sp preserves Haar measure on N. It follows that 
zga = UaU-’ 
whenever aE.st. Thus, Mp” implements the action of Sp on d. The action 
of the unitary group U(W) by conjugation determines a central short exact 
sequence 
l-+ U(l)+ U(W)+AutK(W)+ 1; 
since d = K(W) this gives an alternative route to defining Mp’, as the 
group of unitary operators implementing z. 
The antiautomorphism c1 of d = K(W) extends uniquely to an 
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antiautomorphism, also denoted by a, of the C* algebra B(W). Let U lie in 
Mp’ with a(U) = g. If a E d then 
a(U-‘)a(a)a(U)=cr(UaU-‘) 
= a(s,a) 
= T&l) 
= Us(a) U-‘. 
It follows that 
a(U)=q(U) IT’ 
for some unitary scalar q(U). If U1 and U, lie in h4p” then 
v(U1U2)=a(UlU2) u,u2 
= a(uJ a(ul) ul u2 
= V(Ul) rl(U*) 
so that q is multiplicative. In this way, we obtain a unitary character 
q: Mp” -P U( 1) with 
UEMp”=-q(U)=a(U)U. 
In particular, q restricts to the squaring map on the unitary scalar 
operators U( 1) c Mp’; in fact, this property distinguishes q among the 
unitary characters of Mp’. The kernel of q is the metaplectic‘group Mp; it is 
a connected double cover of the symplectic group Sp. For more infor- 
mation on these points we refer to [6]. 
2. THE BARGMANN-SEGAL MODEL 
Being independent of any specific realization of W, our account of the 
Fourier-Weyl algebra is thus far rather formal. We proceed to view the 
Fourier-Weyl algebra in terms of the Bargmann-Segal representation of 
the canonical commutation relations. A particular feature of this approach 
is the ease with which finite-rank operators are identified. It is customary 
to formulate the Fourier-Weyl algebra in terms of the Schrodinger model, 
in which finite-rank operators are difficult to describe. For details on the 
Bargmann-Segal model see [6] and the original accounts Cl, 73. 
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We shall regard V as an m-dimensional complex Hilbert space with Q as 
the imaginary part of its inner product ( ., .>. We denote by p the Gaussian 
measure on I’ having density function 
relative to normalized Lebesgue measure. For W we take the Hilbert space 
of all holomorphic functions on V square-integrable with respect o p. The 
Bargmann-Segal representation W of N on W is given by 
W(u, t)f(z)=exp --al+& (22-0, u)]f(z--U) 
{ 
for (u, t)~ N, YEW, ZE V. 
As is often the case with Hilbert spaces of entire functions, I-I has a 
reproducing kernel. Write 
e,(z)=exP {& (z, u)l 
for z, u E V. As u ranges over V, the functions e, lie in I-U; indeed, their linear 
span $ is dense in I-I. Moreover, 
f(z) = (f, 4 = j f(u) e,(u) &L(u) 
whenever f~ W and z E I/. It follows that every bounded linear operator on 
I-U is an integral operator. If A E B( I-I) then 
4%) = (Af, e,) = (f, A*e,) 
= f(w) A*eAw) 44~s 
= f(wNe,, A*e,) 44~) i 
= Me,, s )f(w) 44w) 
whenever f~ I-U, so that A has integral kernel a given by 
a(~, w) = We,, e,) = W,)(z) 
for z, w E V. Many of the advantages of the Bargmann-Segal model derive 
from these properties of the representation space. 
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Note that Haar measure and Lebesgue measure coincide on the Heisen- 
berg group N. Let + E L’(R) be fixed with Fourier transform normalized by 
the condition 
/$(t)exp(-it)dt=l. 
Let 4 E L’( V) and define 0 = 4 . II/ E L’(N) by requiring that 
for (u, t) E N. As we have seen, the operator A = W’(6) is an integral 
operator; we can identify its kernel a explicitly as follows. If z and w lie in 
V then 
a(~, w) = 1 O(u, t) W(o, t) e,,,(z) du dt 
= #(u)exp 
f 
f (22-q u) e,(z-u)du 
i 
= e,(z) 14(u) y(u) e-,(u) e,(u) &tu) 
so that we have the general formula 
where we write y(u) in place of exp(( 1/4ti)( u, u) } for u E V; the penultimate 
step here is a simple rearrangement. 
If we make the additional assumption on 4 EL’(V) that +6y e-, E W 
whenever w E V then 
4~ w) = e&)t4y e-,, e,) 
= (4Y J(z) 
so that A is the rank one operator given by 
40~) = j- (4~)b)ftw) 44w) 
= tf, edth)(z) 
for all z, w E V and f E W. We now consider circumstances under which this 
additional assumption is justified. 
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Denote by d the space of all x E W with the property that xv, E L2(p) for 
all k E R, where we write v,Jz) in place of (1 + (z, z))~ for z E I’. In the 
Bargmann-Segal model, 8 is the dense space of smooth vectors for W. Let 
s(z)=exp{ -(1/4fi)(z, z)> f or z E V. We claim that if x EJ? then 4 = XE lies 
in L’(V): for large enough k, vpk is in L2( V) so that yv-, E L*(p); the 
Cauchy-Schwarz inequality implies that xy, as xv,yv-,, lies in L’(p); so 
X&EL’(V). 
The linear span $ of {e,: u E V} is stable under W: indeed if x, y E I/ then 
so that & is invariantly characterized as the smallest W-stable subspace of 
W containing the (vacuum) vector e,. Note that $ is also stable under 
multiplication by e, for each v E V. 
Since $ c d we have now proved that if x E $ then 4 = XE lies in L’(V) 
and #ye-,E$cH for all WE V, so that 
W1(x4)=x8G, 
where $ is the element of L1 (R) fixed above. Here, if p and q lie in W then 
p @ g is the rank one operator given by 
for YEHI; if also r,.s~W then 
(POq)(r@9* = (PO4Mc34 
= (f, q)( P 0 f). 
Since e, is a unit vector in W it follows that if p and q lie in $ then 
pcgtj= wl(p.z.+) W’(q&.lj)*. 
This formula is readily expressed in terms of the convolution product and 
involution in L’(N). Thus, as elements of im( W’), we have a simple 
description of the operators p @I 4 for p and q in the dense W-stable sub- 
space SO of W. Note that the linear span of these operators is dense in the 
space of all finite-rank operators on I-I; thus we have an explicit proof of 
the fact that im( W’) is dense in K(W). We remark that in [2] the equality 
of d with K(W) is established indirectly, as a consequence of the fact that 
d has a unique irreducible representation up to unitary equivalence. 
The specific problem of identifying rank one operators in the Fourier- 
Weyl algebra was suggested by Roger Plymen. The solution offered here in 
terms of the Bargmann-Segal model illustrates its suitability for dealing 
with the canonical commutation relations. This suitability is rather more 
fully illustrated in [6]. 
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